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Groundwater withdrawal drives the compaction of fine-grained aquitards and the resulting 
land subsidence; however, heavily pumped aquifer systems continue to compact after 
the excess pore pressure has dissipated, a residual, creep-like settlement that classical 
Terzaghi–Biot consolidation cannot reproduce and that is usually described by empirical 
rheological laws. This study aims to provide a thermodynamically consistent, grain-scale 
origin for this behavior. A microdilatational mixture theory is developed for a saturated 
medium composed of a solid skeleton, whose grains carry a dissipative dilatational degree of 
freedom, and a non-polar pore fluid. The balance laws and boundary conditions are derived 
from the principle of virtual power, the constitutive equations are closed by the Coleman–
Noll procedure within the Theory of Porous Media, and the linearized one-dimensional 
problem is solved with an implicit finite-difference scheme verified against Terzaghi’s 
analytical solution. The grain-scale dilatation relaxes on its own time scale τφ, distinct from 
the drainage time tc, so that consolidation proceeds in two stages: primary consolidation at 
the unrelaxed modulus, followed by secondary compression toward the relaxed modulus. 
For a San Joaquin Valley-type aquitard (h = 20 m, Δh = 30 m), the primary and ultimate 
settlements are approximately 28 and 72 cm, and under seasonal pumping the internal 
length scale and relaxation raise the peak phase lag from the classical finite-layer value of 
46.6° to approximately 57°. The theory reduces exactly to Biot–Terzaghi poroelasticity and 
recovers the Taylor–Merchant/Gibson–Lo rheological model in its local limit; its distinctive, 
testable signatures are the length-scale effects on pore-pressure profiles and on the seasonal 
phase lag.
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INTRODUCTION
Groundwater withdrawal is among the most 
widespread causes of land subsidence and is, me-
chanically, a problem of one-dimensional consol-
idation: as pumping lowers the pore pressure in 
an aquifer, the bounding fine-grained aquitards 
slowly drain and compact, and the land surface 
sinks (Galloway & Burbey, 2011; Herrera-García 
et al., 2021; Poland, 1984). It is now a recognized 
global hazard and affects extensive areas of Iran’s 
depleted aquifer systems (Haghshenas Haghighi 
& Motagh, 2024). Classical Terzaghi–Biot theory 
ties all compaction to the dissipation of excess 
pore pressure; for a thick, low-permeability aqui-
tard the drainage time is itself of order years to 
decades, so the theory does reproduce compac-
tion long after the head stabilizes. What it cannot 
reproduce is compaction that continues after 
the excess pore pressure has drained away the 
residual, creep-like settlement documented in 
heavily pumped systems (Ojha et al., 2019). The 
usual remedies are phenomenological: rheolog-
ical secondary-compression (creep) laws posit a 
viscoelastic skeleton (Gibson & Lo, 1961; Qi et al., 
2025; Taylor & Merchant, 1940), and multi-layer 
models place the delay in the interbed geometry. 
Neither derives the skeleton’s relaxation from 
an intrinsic, grain-scale mechanism. This paper 
supplies such a mechanism through a microdi-
latational mixture theory: a saturated binary 
mixture of a solid skeleton whose grains carry 
a grain-scale dilatational degree of freedom a 
dissipative internal variable with its own ther-
modynamically consistent relaxation time and 
a non-polar elastic pore fluid. That relaxation 
drives a genuine second stage of consolidation, 
secondary compression, which continues after 
primary drainage is complete and which elastic 
poroelasticity cannot reproduce. The theory com-
bines two classical generalizations of continuum 
mechanics (Bedford & Drumheller, 1983; Maugin, 
2017). Mixture theory (Atkin & Craine, 1976; 
Truesdell, 1984) represents interpenetrating con-
stituents here a skeleton and a fluid each with its 
own motion and balance laws, coupled through 

interaction terms. Micromorphic theory (Eringen, 
1999) endows each material point with micro-
structural degrees of freedom; its microdilatation 
restriction, limiting the micro-deformation to an 
isotropic dilatation, is the minimal kinematics 
that carries a grain-scale volume change while 
remaining far simpler than the full micromor-
phic continuum, and it is the natural model of an 
elastic material with voids (Cowin & Nunziato, 
1983; Nunziato & Cowin, 1979). The saturating 
fluid has no continuum-scale microstructure and 
is treated as a simple non-polar fluid; endowing 
it with microstructure would introduce material 
constants with no physical referent. Among the 
systematic routes for constructing the balance 
laws of a generalized continuum (dell’Isola & 
Placidi, 2011; Del Piero, 2009), we adopt the prin-
ciple of virtual power (Germain, 1973), which 
delivers the balance laws and their boundary 
conditions together and extends transparently to 
the microstructural fields. The constitutive equa-
tions are closed by the Coleman–Noll procedure 
(Coleman & Noll, 1963; Hütter, 2020) within the 
Theory of Porous Media (Bowen, 1980; Ehlers, 
2002), treating the volume fraction as an internal 
variable of state. Because the mineral grains are 
effectively incompressible, the porosity is slaved 
to the skeleton dilatation and enters as a purely 
kinematic variable, with the grain-scale response 
carried instead by the microdilatation.

The two ingredients have so far been devel-
oped separately micropolar mixtures within the 
Theory of Porous Media (Diebels, 2002; Diebels 
& Ehlers, 1996), micromorphic mixtures (Twiss 
& Eringen, 1971), and the single-constituent mi-
crodilatation continuum (Eringen, 1999) but not 
combined for a saturated solid–fluid medium. 
The closest antecedent, Chiriţă and Galeş (2008), 
treated a mixture of two microstretch solids; the 
present theory differs in that the second constitu-
ent is a non-polar fluid (removing microstructural 
interaction supplies), the volume fraction obeys 
the TPM saturation constraint, and the balance 
laws follow from virtual power, which yields their 
boundary conditions and admissible interactions 
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simultaneously. The delayed, residual compac-
tion that motivates the application has previously 
been captured by double-porosity consolidation 
(Wilson & Aifantis, 1982), dual-porosity creep 
(Murad et al., 2001), and micro-structured con-
tinua with a pore-size length scale (dell’Isola et 
al., 1998), but through a second diffusing pore 
pressure rather than the single grain-scale struc-
tural field used here; the distinction is drawn in 
Section 5.4. The contribution is a thermodynam-
ically consistent generalized-continuum theory 
of saturated porous media, derived from virtual 
power, that adds one physical ingredient to clas-
sical poroelasticity: a dissipative grain-scale de-
gree of freedom with an intrinsic relaxation time. 
In one-dimensional consolidation this produces 
a two-stage settlement primary consolidation 
controlled by drainage, followed by secondary 
compression that continues after the pore pres-
sure has dissipated. In its spatially local limit this 
coincides with the classical rheological second-
ary-consolidation theory of Taylor and Merchant 
(1940) and Gibson and Lo (1961); the aim here is 
not to improve that settlement prediction but to 
supply its missing grain-scale origin and to add 
what a local rheology cannot: an internal length 
scale that reshapes the pore-pressure profile near 
a drainage boundary and produces a seasonal 
phase lag exceeding the classical finite-layer 
bound. These length-scale effects are the theo-
ry’s distinguishing testable content. The specific 
objectives are threefold: (i) to formulate, from a 
single variational statement, a thermodynam-
ically admissible mixture theory in which the 
solid grains carry a dissipative microdilatational 
degree of freedom; (ii) to verify that it contains 
Biot–Terzaghi poroelasticity, the theory of elastic 
materials with voids, and the classical rheological 
secondary-consolidation model as exact limits; 
and (iii) to quantify, for a field-representative 
aquitard, the observable consequences of the new 
internal time and length scales under monotonic 
and seasonal withdrawal. The paper is organized 
as follows. Section 2 describes the methodology 
and assumptions; Section 3 sets out the non-po-

lar binary mixture (linearization in Appendix A); 
Section 4 develops the microdilatation continu-
um (Appendix B); Section 5 combines them into 
the microdilatational mixture theory, verifying 
the poroelastic and voids limits (Appendix C); 
Section 6 applies the linearized theory to one-di-
mensional consolidation and land subsidence, 
including verification, sensitivity and limitations; 
and Section 7 concludes.

Methodology
This study follows a theoretical–computational 
design that proceeds from first principles to a ver-
ified, field-scale application (Fig. 1), in two parts. 
Part A (Stages 1–4) constructs the continuum 
theory deductively, so that every field equation, 
boundary condition and constitutive relation fol-
lows from stated kinematic and thermodynamic 
postulates. The porous medium is idealized as a 
saturated binary mixture of a solid skeleton and 
a pore fluid within the Theory of Porous Media 
(Bowen, 1980; Ehlers, 2002), with only the solid 
carrying microstructure, restricted to an isotropic 
grain-scale dilatation χ(s) = β(s)1 (Eringen, 1999; 
Nunziato & Cowin, 1979). The balance laws and 
natural boundary conditions are obtained simul-
taneously from the principle of virtual power 
(Germain, 1973) first for the non-polar mixture 
(Section 3), then for the microdilatation con-
tinuum (Section 4), then for their combination 
(Section 5) with objectivity identifying the ad-
missible interaction terms. Constitutive closure 
follows from the Coleman–Noll exploitation of 
the free-energy imbalance (Coleman & Noll, 1963; 
Hütter, 2020); splitting the residual dissipation 
into equilibrium and non-equilibrium parts pro-
duces the Darcy drag and a dissipative equilibrat-
ed body force that endows the microdilatation 
with an intrinsic relaxation time. The equations 
are then linearized about a stress-free reference 
state (Appendices A–C) and checked against 
three exact limits: Biot–Terzaghi poroelastic-
ity, elastic materials with voids, and the elliptic 
microdilatation theory. Part B (Stages 5–8) spe-
cializes the linear theory to the one-dimensional 
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compaction of a singly drained aquitard under a 
step decline, or harmonic oscillation, of the adja-
cent aquifer head (Section 6.1). Scaling identifies 
three dimensionless groups the coupling ratio 
βB, the length ratio Λ = ℓ/h and the time ratio R = 
τφ/tc. The coupled parabolic system for the pore 
pressure and the microdilatation is discretized by 
central finite differences and integrated with the 
unconditionally stable Backward-Euler scheme, 
with the seasonal periodic response computed 
in the frequency domain; the solver is verified 

against the closed-form Terzaghi series solu-
tion in the appropriate limits and by mesh and 
time-step refinement. The results are then inter-
preted in terms of the two-stage settlement, the 
pore-pressure boundary layer and the seasonal 
phase lag, and their sensitivity to βB and R, using 
field-representative parameters from the San 
Joaquin Valley, California, the best-documented 
aquifer system for pumping-induced subsidence 
(Galloway & Burbey, 2011; Lees et al., 2022; Ojha 
et al., 2019).

Figure 1: Research methodology. Part A (Stages 1–4) derives the microdilatational mixture theory from kinematic and thermo-

dynamic postulates; Part B (Stages 5–8) applies it to pumping-induced aquitard compaction, solves and verifies the resulting 

boundary-value problem, and interprets the results. The sections in which each stage is carried out are indicated in each box.

The modelling assumptions adopted at each 
stage, their justification and the way in which 
they could be relaxed are summarized in (Tab. 

1). They define the domain of validity of the re-
sults reported in Section 6.

Table 1: Principal modelling assumptions, their justification and their status in the present study.

Assumption Justification Consequence / possible relaxation

Saturated binary mixture; no mass 

exchange

Aquitards below the water table are 

fully saturated

Mass supply in (5) would admit reac-

tive or phase-changing media

Materially incompressible grains
Standard for water-saturated clays and 

silts (Ehlers, 2002)

Porosity is slaved to skeleton dilata-

tion; no double counting

Microstructure restricted to isotropic 

dilatation, χ(s) = β(s)1

Minimal kinematics carrying grain-

scale volume change

Full micromorphic or micropolar 

kinematics possible



Int. J. Urban Manage. Energy Sustainability, 7(3):244-266, 2026

248

Non-polar, inviscid pore fluid
No pore-fluid microstructure at the 

continuum scale

Viscosity enters only through the 

Darcy drag

Quasi-static loading
Pumping time scales ≫ wave transit 

times

Dynamic analysis would yield disper-

sive waves

Small strains, isotropic linear response Aquitard strains of order 10−2
Large-strain and anisotropic exten-

sions

One-dimensional, singly drained layer Classical interbed idealization Multi-layer, doubly drained systems

Incompressible-constituent limit κf → 

∞ in Section 6

Fluid compressibility ≪ skeleton com-

pressibility
Retaining κf adds a storage term

Continuum mixture theory
This section establishes the two-constituent 
poroelastic baseline of the theory. It is deliber-
ately standard, a non-polar solid skeleton sat-
urated by a pore fluid, so that the microstruc-
tural effects introduced from Section 4 onward 
are cleanly attributable to the microdilatation 
kinematics rather than to the mixture descrip-
tion itself. The balance laws and effective-stress 
structure recovered here are those of the clas-

sical Theory of Porous Media (Atkin & Craine, 
1976; Bowen, 1976; Ehlers, 2002; Truesdell, 
1984); we recapitulate them compactly via the 
principle of virtual power, both to fix notation 
and because the same variational argument car-
ries unchanged into the microdilatation mixture 
of Section 5. Throughout, superscripts (s) and (f) 
label the solid and fluid constituents; the princi-
pal symbols are collected in (Tab. 2).

Table 2: Principal notation.

Symbol Meaning

ϕ(α) , X(α) motion of constituent α; reference (material) position

n(α) volume fraction of constituent α (n(s)+n(f)=1)

ρ(α), ρR(α) partial and real (intrinsic) mass density

v(α), v(fs) constituent velocity; seepage velocity v(f)-v(s)

u(α) displacement of constituent α

grad, div spatial gradient and divergence (w.r.t. x)

Grad, Div referential gradient and divergence (w.r.t. X)

F(s), C(s) solid deformation gradient; right Cauchy–Green tensor

χ(s) solid micro-deformation tensor

β(s), φ(s) scalar microdilatation ratio; perturbation β(s)-1

ε(s), e1
(s) linear solid strain; microdilatation strain

K(s) microdilatation gradient

T(α) partial (force) stress

s(s), m(s) scalar microdilatation stress; microdilatation double-stress

t(α), n partial traction vector; outward unit normal

pl(α) momentum supply (interaction force)

b0
(α), ld body force; microdilatation body action

ψ(α), D(α) Helmholtz free energy; rate of deformation

pth, B thermodynamic pore pressure; drag tensor

λ(s),μ(s) drained Lamé moduli
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a(s) ,b(s),c1
(s) microdilatation moduli and length-scale modulus

κf, k fluid bulk modulus; hydraulic mobility (k=Kv/γw)

Kv, γw vertical hydraulic conductivity; unit weight of water

M̄, B ‾, A ‾ effective oedometric, coupling, and microdilatation moduli

M̄, M̄eff, βB unrelaxed and relaxed oedometric moduli; coupling ratio

ω(s), τφ, R equilibrated-force dissipation; relaxation time ω(s)/(3A ‾ ); ratio τφ/tc

cv, tc, l, Λ consolidation coefficient kM̄; drainage time h2/cv; length scale; ratio l/h

h, Δp0, S aquitard thickness; head-decline pressure; subsidence

FINDINGS AND DISCUSSION 
The two-constituent poroelastic baseline and the 
single-constituent microdilatation continuum 
are standard building blocks; their full deriva-
tions are provided in Appendix A and Appendix 
B, respectively. The main text proceeds directly to 
the microdilatational mixture theory that com-
bines them.

Microdilatational mixture theory
Combining the mixture framework of Section 3 
with the microdilatation continuum of Section 4 
yields the central object of the paper: a saturated 
mixture of a solid skeleton whose grains carry 
a microstructural dilatation, an elastic material 
with voids (Cowin & Nunziato, 1983; Nunziato 
& Cowin, 1979), and a non-polar pore fluid. Gen-
eralized-continuum solid–fluid mixtures have 
been formulated before, notably the micropolar 
mixture of Diebels (2002); the contribution here 
is a mixture that couples the grain-scale dilata-
tional degree of freedom to a non-polar pore 
fluid within the Theory of Porous Media, derived 
throughout by the principle of virtual power. It is 
the poroelastic (fluid-saturated) extension of the 
theory of elastic materials with voids.

Kinematics of the microdilatational mixture
We consider a binary mixture in which only the 
solid constituent α=s carries microdilatation ki-
nematics. The solid micro-deformation tensor is 
restricted to the pure-dilatation form

χ(s)=β(s)1,	                                                                       (36)
with purely spherical micro-gyration, as in (23),
		

υ(s) =1/β(s) (d(s) β(s)) /dt 1.	                                        (37)

The fluid constituent α=f is a standard non-polar 
fluid: it carries only translational kinematics 
(velocity field v(f)) with no grain-level microstruc-
ture, the physically appropriate model for a pore 
fluid.

The scalar microdilatation ratio β(s) of the 
solid carries a concrete physical meaning. As the 
saturating fluid moves into or out of the pore 
space, or is absorbed into and expelled from 
the microporous solid itself, the change in local 
fluid content induces an isotropic volumetric 
change of the solid skeleton at the grain level: the 
microstructural elements swell as fluid is taken 
up and contract as it is released. This grain-level 
isotropic dilatation is precisely what β(s) tracks: 
it is the microstructural degree of freedom that 
distinguishes the theory from classical poroelas-
ticity, providing a kinematic description of the 
coupling between pore-fluid content and solid 
microstructure that the macroscopic deforma-
tion gradient F(s) cannot capture alone.

Mechanical fields and balance laws
Since only the solid carries microdilatation ki-
nematics, the virtual power structure of Section 
4.2 applies to the solid constituent with label 
(s) appended, while the fluid contributes only a 
translational virtual power. The sole interaction 
between the two constituents is the linear mo-
mentum supply pl(α): since the fluid is non-polar, 
no microdilatation-momentum production acts 
on the solid from the fluid (Diebels, 2002).
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The virtual power of internal forces for the solid 
generalizes (24) as
	

and the virtual power of internal forces for the 
non-polar fluid is simply
		

Applying the divergence theorem and equating 
with the external virtual power, which includes 
the linear momentum supply plα for both constit-
uents, gives the local balance laws:
		

with boundary conditions ts=(Ts+ss1)⋅n, ms
d)=msn, 

tf=Tf⋅n. The solid force stress T(s) is symmetric, so 
angular momentum is satisfied identically and 
no couple stress arises; the microdilatation-mo-
mentum balance (41) takes the same form as the 
single-constituent balance of Section 4.2 with 
label (s), carrying no interaction supply from the 
fluid.
Objectivity of the total mixture virtual power 
under a superposed rigid-body motion requires 
only the linear momentum constraint
		
pls+plf=0.	                                                              (43)

Equation (43) is the mixture-level linear-mo-
mentum balance; no microdilatation-momen-
tum mixture constraint arises because the fluid 
carries no corresponding degree of freedom.

Free-energy inequality and constitutive equations
The mixture free-energy inequality for the mi-
crodilatation solid saturated by the non-polar 
fluid reduces to

The single seepage dissipation term pl f.vfs ) rep-
resents the energy dissipated by relative transla-
tional flow between the constituents.
We adopt the solid strain measures (29)– (30) 
evaluated for the solid phase, with free energies

ψ(s)=ψ(s) (C(s),e(s),K(s) ),  ψ(f)=ψ(f) (ρR(f)).

The microdilatation βs describes the grain-scale 
structural dilatation of the skeleton, the local 
rearrangement and change of micro-void space, 
at constant grain-material density; it does not 
represent compression of the incompressible 
solid material assumed in Section 3.3, and is 
therefore an independent, energetically active 
degree of freedom (Cowin & Nunziato, 1983; 
Nunziato & Cowin, 1979). Consistent with Sec-
tion 3.3, the solid free energy ψs does not depend 
on the volume fraction ns: the grain-scale struc-
tural response is carried by the measures (es,Ks), 
while ns remains the kinematic fluid-content 
variable, so that the porosity energetics is not 
double-counted. Applying the Coleman–Noll 
procedure to (44) yields the symmetric solid 
force stress and microdilatation stresses:

with pth defined as in (14); as in Section 3.3 no 
configurational pressure appears, since ψs is 
independent of ns. The residual dissipation in-
equality then yields the fluid split

Tf=-nf pth 1,                                                                 (49)
pl(f)Eq=pth gradn(s)                                                        (50)
pl(f)NEq&=-B.v (fs)

(38)

(39)

(40)

(41)

(42)

(45)

(44)

(46)
(47)
(48)



251

A Microdilatational Mixture Theory for Saturated Porous Media

with B positive semi-definite. The residu-
al inequality admits, in addition, a dissipative 
equilibrated body force πs conjugate to the mi-
crodilatation rate β-1 ds β/dt, in the manner of 
Nunziato and Cowin (1979) and Cowin and 
Nunziato (1983) and exactly parallel to the way 
the Darcy drag arises from the seepage dissipa-
tion. Requiring the associated dissipation to be 
non-negative in every process yields the linear 
law

with ωs a single new material constant, so that 
the dissipation is -π(s) (β-1 d(s) β/dt)=ωs (β-1d(s) β/
dt)2≥0. Unlike the Cauchy and microdilatation 
stresses (46)–(48), which remain rate-inde-
pendent, πs is a dissipative body action: it en-
ters the microdilatation balance (41) additively, 
which with dissipation reads divm(s)+3s(s)+π(s) 
)+ld

(s) )=0, and renders it parabolic on linear-
ization (Section 6). As in Section 3.3 the pore 
fluid is inviscid, so its stress is the pure pore 
pressure and all seepage dissipation is carried 
by the Darcy drag. Equations (46)–(50) close 
the microdilatational mixture theory: given ψ(s) 
, ψ(f), B, the field equations (40)–(42) together 
with these constitutive relations determine the 
coupled solid motion, grain-scale dilatation, 
and fluid seepage.
For small strains and isotropic solid response, 
these reduce to the linear voids-poroelastic 
constitutive equations. The solid stresses are

and the fluid relations are

where ε(s)=1⁄2 (Gradu(s) +(Gradu(s))T) is the 
symmetric solid strain, e1

(s)=Divu(s) -3φ(s) the 
microdilatation strain, K(s)=Gradφ(s) the mi-

crodilatation gradient, φ(s)=β(s)-1 the microdila-
tation perturbation, and n ̃(s)=n(s) -n0

(s). The solid 
moduli λ(s), μ(s) ,a(s) ,b(s),c1

(s) are those of the mi-
crodilatation continuum (Appendix B), κf is the 
fluid bulk modulus, n(s) the reference solid vol-
ume fraction, and k the hydraulic mobility. The 
solid stress (52) is the elastic-with-voids stress 
augmented by the Biot pore-pressure coupling 
-n0

(s) p_th 1; setting the microdilatation moduli 
to zero recovers the linear Biot–Terzaghi poro-
elasticity of Section 3.3. The linearization and 
the Coleman–Noll derivation of (52)–(57) are 
given in Appendix C. The scalar stress (53) is 
rate-independent; the dissipative equilibrated 
body force π(s) =-ω(s) φ ̇ (s) of (51) enters the mi-
crodilatation balance (41) separately and ren-
ders it parabolic, as used in Section 6.

Special cases and relation to poroelasticity 
with voids
Two reductions locate the theory. First, switch-
ing off the microdilatation (β(s) )≡1, equivalently 
a(s)=b(s) =c1

(s) =0 and φ(s)=0) removes s(s)  and m(s)  
from (40)–(41), and the theory collapses to the 
classical non-polar solid–fluid mixture of Sec-
tion 3, i.e. linear Biot–Terzaghi poroelasticity in 
the small-strain limit.
Second, retaining the microdilatation but re-
moving the fluid (pth→0, pl(s)→0) recovers the 
single-constituent microdilatation continu-
um of Section 4, the theory of elastic materi-
als with voids of Nunziato and Cowin (1979) 
and Cowin and Nunziato (1983), with φ(s) =β(s) 
-1 in the role of the void-volume fraction. The 
present theory is thus the saturated, fluid-cou-
pled (poroelastic) extension of the elastic-ma-
terials-with-voids theory, obtained within the 
Theory of Porous Media from a single varia-
tional statement. This places the theory with-
in, but distinct from, the established literature 
on porous media with a second structural or 
storage field. The theory of consolidation with 
double porosity (Wilson & Aifantis, 1982) and 
its dual-porosity homogenization into second-
ary compression and hereditary creep (Murad 

(51)

(52)
(53)
(54)

(55)
(56)
(57)
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et al., 2001) likewise predict a delayed, two-
time-scale settlement that reduces to classical 
Terzaghi consolidation in the single-porosity 
limit, and micro-structured continua with an 
internal pore-size length scale have been used 
to model the compaction of fluid-saturated 
grounds (dell’Isola et al., 1998). The essential 
difference is mechanistic: in those theories the 
second field is a second, diffusing pore pres-
sure governed by a storage–transport equation, 
whereas here it is a grain-scale structural de-
gree of freedom of the solid, governed by the 
relaxational balance (41) and driven directly 
by the displacement field. Both yield a two-

time-scale settlement with a secondary-com-
pression stage; the present theory locates the 
second time scale in an intrinsic grain-scale re-
laxation τ_φ rather than in the drainage of a sec-
ond pore network. In this respect the theory is 
closer to the voids-based double-porosity ther-
moelasticity of Ieşan and Quintanilla (2014), in 
which, as here, the porosity structure is driven 
directly by the displacement field rather than 
by Darcy diffusion. The main similarities and 
differences between these descriptions and the 
present theory are summarized in (Tab. 3). The 
consolidation application of Section 6 uses this 
theory directly.

Table 3: Comparison of the present theory with alternative continuum descriptions of delayed (secondary) compaction.

Model
Additional field or 

mechanism
Time scales Internal length Basis of derivation

Terzaghi–Biot poroelasticity 

(Biot, 1941; Terzaghi, 1943)
None tc No

Poroelastic balance 

laws

Rheological secondary con-

solidation (Gibson & Lo, 1961; 

Taylor & Merchant, 1940)

Posited spring–dash-

pot skeleton

tc, rheological relax-

ation time
No Phenomenological

Double porosity (Wilson & 

Aifantis, 1982)

Second, diffusing 

pore pressure

tc, interporosity 

exchange time
No

Mixture theory, two 

pore networks

Dual-porosity homogenization 

(Murad et al., 2001)

Micro-pore pressure; 

hereditary creep

tc, micro-drainage 

time
Implicit (cell size) Homogenization

Micro-structured continuum 

(dell’Isola et al., 1998)

Pore-size scale pa-

rameter
tc Yes (pore size)

Micro-structured 

continuum

Present theory
Grain-scale microdi-

latation φ(s)
tc, τφ Yes, ℓ

Virtual power + 

Coleman–Noll (TPM)

Application: Aquitard Compaction and Land 
Subsidence from Groundwater Withdrawal
As a physically concrete application we analyze 
the compaction of a saturated clay/silt aqui-
tard and the land subsidence it produces when 
the head in an adjacent aquifer is lowered by 
groundwater withdrawal. Mechanically, this 
subsidence is the one-dimensional consolida-
tion of the fine-grained interbeds (Galloway & 
Burbey, 2011; Poland, 1984; Terzaghi, 1943). As 
pumping lowers the pore pressure at the aqui-
tard boundary, the excess pressure trapped in 
the low-permeability layer bleeds off slowly. 

The effective stress then rises, the layer com-
pacts, and the land surface drops. Here the 
grain-scale dilatation φ(s) should matter. Thick 
aquitards keep compacting long after the driv-
ing head has stabilized. Part of this delay reflects 
the slow drainage of thick interbeds, which clas-
sical theory captures (Lees et al., 2022); what it 
does not reproduce is the residual compaction 
that continues after the excess pore pressure 
has dissipated (Ojha et al., 2019).

We consider a compressible aquitard occu-
pying 0≤z≤h, drained at the top boundary z=h 
toward the depressurized aquifer and bound-
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ed below at z=0 by an effectively impermeable, 
rigid base (an aquiclude); see (Fig. 2). At t=0 
the aquifer head is lowered by Δh, imposing 
a pore-pressure decline Δp_0=γ_w Δh at the 
drained boundary; the total overburden stress is 
held constant. All fields depend only on z and 
t. We restrict to purely isotropic compression, 
and the active fields are the solid displacement 
u(s) (z,t), the fluid displacement u(f) (z,t), and the 
scalar microdilatation perturbation φ(s) (z,t)=β(s) 
-1. The only microstructural field is the scalar 
dilatation φ(s) . Because the total stress is con-
stant and the drive enters through the boundary 
pore pressure, the governing equations coincide 
with those of classical one-dimensional consol-
idation under a step load of magnitude q=Δp_0. 
The land subsidence is the resulting compaction 
of the layer, S(t)=-u(s) (h,t)=∫_0h [-∂_z u

(s)]  dz

Figure 2: Definition sketch for the one-dimensional consoli-

dation problem. A saturated aquitard of thickness h occupies 

0 ≤ z ≤ h, drained at the top (z = h) toward a depressurized 

aquifer and bounded below (z = 0) by a rigid, impermeable 

aquiclude. Groundwater withdrawal lowers the aquifer head 

by Δh, imposing a pore-pressure decline Δp0 = γwΔh at the 

drained boundary while the total overburden stress is held 

constant; excess pore pressure drains upward, the layer 

compacts, and the land surface subsides by S(t). The active 

fields are the solid and fluid displacements u(s), u(f) and the 

grain-scale microdilatation φ(s).

We adopt the following standard consolida-
tion simplifications: volume-fraction gradient 
terms in the momentum supply are neglected. 
The pore fluid is already inviscid (Section 3.3), 

so seepage is resisted by interfacial Darcy drag 
alone. The thermodynamic pressure reduces to

p_th=-κf ∂z u
(f)                                                                                                (58)

and for notational compactness we define 
three effective moduli:

where M‾  is the effective oedometric modulus, 
B‾ measures the volumetric–microdilatation 
coupling, and A‾ is the microdilatation bulk 
stiffness (the moduli a(s) , b(s) are defined in Ap-
pendix C).

Governing equations
In 1D, the linearized strain measures (Appen-
dix C) reduce to

With n ̃(s)≈0, the zz-component of the linear-
ized solid stress (52) and the microdilatation 
stress (53) give

and the (inviscid) fluid partial stress is Tzz
(f) 

)=n0
(f) κf ∂z u

(f).

Since T(s) is symmetric, the quasi-static balance 
laws reduce in 1D to three equations:

ω(s) ∂_t φ(s) =c1
(s) ∂zzφ

(s)

In (63)–(64) the pore-pressure terms -n0
(α) ∂z pth 

are the divergences of the Biot partial stress-
es (61), (20), and the Darcy drag ±k-1 (∂t u

(s)-∂t 
u(f)) satisfies the mixture constraint (43); the 
geometric factor n0

(f) is tracked explicitly in 
the derivation of (67) below. Equation (65) is 
the linearized microdilatation balance (41) for 
the solid, carrying the dissipative equilibrated 

(63)

(64)

(65)

(59)

(60)

(61)
(62)
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body force -ω(s) ∂t φ
(s) of (51), the microdilata-

tional counterpart of the Darcy drag. It renders 
the balance parabolic in φ(s): the grain-scale 
dilatation relaxes over its own characteristic 
time rather than adjusting instantaneously to 
u(s). Thermodynamic consistency requires only 
ω(s)≥0, since the residual dissipation is ω(s)(∂t φ

(s) 
)2≥0, the one-sided inequality that also governs 
the Darcy mobility k>0. In the limit ω(s) →0 the 
balance degenerates to the elliptic (equilibrat-
ed) form and φ(s) is slaved to u(s) instantaneous-
ly.

Adding (63) and (64) eliminates Darcy drag, 
and integrating once with the boundary condi-
tion at z=h gives the mixture integral

Differentiating (66) in time gives ∂t pth=M ∂z ∂t 

u(s)-B∂t φ
(s) . We eliminate the seepage velocity 

using the fluid balance (64) and the pressure–
strain relation (58). In the incompressible-con-
stituent limit κ_f→∞ the fluid storage term -∂_t 
pth/κf vanishes and the saturation constraint 
ties the fluid volume flux to the skeleton dil-
atation rate, leaving ∂z ∂t u

(s)=k (n0
(f))2 ∂zz pth. Be-

cause the Darcy flux is n0
(f)v(fs), Darcy’s law is 

recovered when the drag coefficient 1/k in (20) 
equals (n0

(f))2γw/Kv, as is standard in the Theo-
ry of Porous Media (Ehlers, 2002); that is, the 
product k(n0

(f))2 is the hydraulic mobility Kv/γw. 
Writing k for this product hereafter (as in Table 
2 and Section 6.6; the dimensionless results are 
unaffected) then gives the modified consolida-
tion equation:

∂t pth=cv ∂zz pth-B‾ ∂t φ
(s) ),   cv:= kM̄.

where ∂t φ
(s)  is now governed by the evolution 

equation (65). Equations (67) and (65) with 
the mixture integral (66) form a coupled par-
abolic–parabolic system for (pth,φ(s)): the pore 
pressure evolves under drainage on the time 
scale tc=h2/cv, while the microdilatation relax-
es on the independent time scale τφ of (76) be-
low. The relaxed modulus M̄eff obtained below 

(67)

is the late-time (t≫τφ) stiffness reached once 
φ(s)  has equilibrated; the early-time response, 
with φ(s) still unrelaxed, is carried by the larger 
unrelaxed modulus M‾. In the local limit Λ→0 
(l≪h), equation (65) gives φ(s)≈[B‾/(3A‾)] ∂z u

(s), 
and substituting into (66) shows that the effec-
tive oedometric modulus is reduced to M‾eff:= 
M ‾(1_βB ), yielding the closed-form consolida-
tion coefficient

Using the definitions (59), the effective oedo-
metric modulus admits the compact form

since
B‾2/(3A‾)=(a(s)+b(s))2/a(s))=a(s)+2b(s) +(b(s))2/a(s) 
exactly cancels the microdilatation contribu-
tion 2b(s)+a(s) in M‾ . Positive-definiteness of the 
free energy (90) requires a(s)>0 and (b(s) )2< a(s) 

(λ(s) +2μ(s) ), so that 0<M̄ eff≤λ(s) +2μ(s) , with equal-
ity only when b(s)=0. Consequently

cv
eff=kM̄eff≤k(λ(s) +2μ(s))=cv

cl,                                   (70)

i.e. in the local, fully relaxed limit the microdi-
latation coupling reduces the effective con-
solidation coefficient relative to the classical 
Terzaghi value. This is the relaxed-modulus be-
havior: once φ(s) has equilibrated (at late times 
t≫τφ, or in the elliptic limit R→0), the grain-lev-
el dilatation acts as an additional compliant 
mechanism that softens the equilibrium volu-
metric response of the skeleton to M̄eff. For Λ>0 
or R>0 the system must be solved numerically 
as a coupled parabolic–parabolic problem.

Boundary and initial conditions
(z=0: &u(s) =0, u(f)=0, ∂z φ(s)=0
(rigid impermeable base,no microdilatation 
flux)

(68)

(69)

(71)
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(z=h:Tzz
(s) )+s(s)=-q, pth=0,mz

(s)=0 
(applied load,drained surface,free microdilata-
tion)
	
u(s)(z,0)=u(f)(z,0)=0,  φ(s)(z,0)=0.

At t=0+, the undrained response of the incom-
pressible constituents gives a uniform excess 
pore pressure equal to the applied load, p_th 
(z,0+ )=q, the classical Terzaghi initial condition. 
Because (65) is now a genuine evolution equa-
tion, φ(s) carries its own initial condition: the 
grain structure has not yet rearranged, so φ(s) 
(z,0)=0 (unrelaxed). The skeleton therefore re-
sponds initially at the unrelaxed modulus M‾, 
softening to M‾eff as φ(s) develops over τφ.

Characteristic scales and limiting cases
Equation (65) introduces one new character-
istic length scale. Balancing the gradient term 
c1

(s) ∂zzφ(s) against the reaction term 3A‾ φ(s) de-
fines the microdilatation length scale

and the dimensionless ratio

The dissipative term in (65) introduces a sec-
ond characteristic scale, absent from the ellip-
tic theory: the microdilatation relaxation time

the intrinsic time over which the grain-scale 
dilatation equilibrates, and the second dimen-
sionless group

The response is governed by the two dimen-
sionless numbers Λ and R; the elliptic theory is 
recovered as R→0, in which φ(s) relaxes instan-

(72)

(73)

(74)

(75)

(76)

(77)

taneously and M‾eff governs from t=0+. When 
Λ≪1 the microdilatation is spatially quasi-uni-
form and φ(s)≈[B‾/(3A ‾ )] ∂zu(s) pointwise; when 
Λ=O(1) a boundary layer of thickness l forms 
near the drained surface, where the sharp 
pore-pressure gradient makes φ(s) deviate from 
its local quasi-uniform value; at the imperme-
able base ∂z pth=0, so the local solution already 
satisfies the microdilatation flux condition 
there and no boundary layer forms.
In the doubly degenerate limit a(s)=b(s)=0 (hence 
M‾→λ(s)+2μ(s), B‾→0, A‾→0), φ(s) vanishes identi-
cally and (67) reduces exactly to the classical 
Terzaghi equation

confirming that microdilatational mixture the-
ory contains classical poroelastic consolidation 
as a special case. When the microdilatation 
moduli vanish, a(s)=b(s)=c1

(s) =0, the balance (65) 
degenerates to 0=0, φ(s) decouples and vanish-
es, and the length scale l is undefined. Equation 
(67) then reduces to (78), confirming that the 
coupling between pore-pressure diffusion and 
grain-level dilatation is a genuine microdilata-
tion effect absent from classical poroelasticity.

Physical interpretation: two time scales and sec-
ondary compression
The response is set by two time scales, the 
drainage time tc=h2/cv and the microdilata-
tion relaxation time τφ=ω(s)/(3A‾ ), together 
with the length scale l. The grain-scale dilata-
tion now acts as a genuine internal relaxation 
mechanism. At early times (t≪τφ) the grains 
have not yet rearranged, φ(s)≈0, and the skele-
ton carries the load at the unrelaxed modulus 
M̄=λ(s)+2μ(s)+a(s)+2b(s); over τφ the dilatation de-
velops and softens the skeleton to the relaxed 
modulus M̄eff=(λ(s)+2μ(s))-(b(s))2/a(s) of (69), driv-
ing additional compaction. This stiff-to-soft 
transition, asserted but not realized by the 
elliptic theory, is an exact consequence of the 

(78)
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parabolic balance (65).
Two regimes follow from the ratio R=τφ/

tc. When R≲1 the two scales overlap and the 
relaxation is absorbed into a single, drain-
age-controlled settlement at the reduced co-
efficient c_v^eff=kM̄eff. When R≫1 the scales 
separate: primary consolidation, controlled by 
drainage, completes over t_c at the stiff modu-
lus M̄; thereafter the microdilatation continues 
to relax over the much longer τφ, softening the 
skeleton to M̄eff and producing continued set-
tlement after the excess pore pressure has dis-
sipated. This delayed, drainage-independent 
settlement is secondary compression, exactly 
the phenomenon that elastic Terzaghi–Biot 
theory, and the elliptic (R→0) limit of the pres-
ent theory, cannot reproduce: in both, all com-
paction is slaved to pore-pressure dissipation 
and ceases with it. It is, on the other hand, the 
defining behavior of the classical rheological 
secondary-consolidation models (Gibson & Lo, 
1961; Taylor & Merchant, 1940), to which the 
present local-limit response reduces (Section 
6.6).

It is worth stating the motivating puzzle 
precisely. Classical consolidation does repro-
duce compaction continuing for years after 
the aquifer head stabilizes, provided the aqui-
tard is thick and of low permeability, since the 
drainage time tc=h2/cv is then itself of order 
years to decades. What classical theory cannot 
reproduce is compaction that continues after 
the excess pore pressure has drained away, the 
residual, creep-like settlement documented in 
heavily pumped aquifer systems (Galloway & 
Burbey, 2011; Ojha et al., 2019) and convention-
ally described by empirical secondary-com-
pression or elastic–viscoplastic rheology. The 
present theory supplies a thermodynamically 
consistent, grain-scale origin for that residual 
settlement: a single dissipative internal vari-
able with a physical relaxation time τφ, cali-
bratable against the same extensometer and 
head records. The spatial boundary-layer struc-
ture of φ(s), set by l through (65), further modi-

fies the pore-pressure profile near the drained 
boundary, an effect absent from classical Ter-
zaghi theory and from the local limit a(s)=b(s)=0.

Numerical results
The coupled parabolic–parabolic system (67), 
(65) is written in the dimensionless variables Z 
= z/h, T = t/tc, P = pth/q and F = B̄φ(s)/q, in which 
it depends only on βB, Λ and R. It is discretized 
by second-order central differences on a uni-
form grid of NZ = 161 nodes in Z ∈ [0, 1], with 
ghost-node (zero-flux) conditions at the imper-
meable base and for the microdilatation flux at 
the drained surface, and with the Dirichlet con-
dition P = 0 at Z = 1. Time integration uses the 
fully implicit backward-Euler scheme, in which 
the microdilatation evolution equation and the 
consolidation equation are advanced simulta-
neously as one 2NZ × 2NZ sparse block linear 
system per step; the steps are distributed loga-
rithmically (200 steps per decade of T), so that 
both the early drainage transient and the late 
secondary stage are resolved. The initial state is 
the undrained response pth(z,0+) = q, φ(s)(z,0) = 
0 of (73). In the elliptic limit R = 0 the microdi-
latation equation is solved as a constraint at 
every step. The settlement is obtained by trap-
ezoidal integration of the strain.

We consider a fine-grained interbed with 
dimensional parameters representative of the 
San Joaquin Valley, California, the best-docu-
mented aquifer system for pumping-induced 
land subsidence (Galloway & Burbey, 2011; 
Ojha et al., 2019; Poland, 1984): a singly-drain-
ing aquitard of thickness h=20 m, vertical hy-
draulic conductivity Kv=1×10(-9) m s(-1), and a 
head decline Δh=30 m imposing a boundary 
pore-pressure step Δp0=γw Δh≈0.29 MPa. The 
microdilatation moduli a(s)=0.5(λ(s)+2μ(s)), b(s) 
)=0.3(λ(s)+2μ(s)) satisfy the positive-definite-
ness bound of (69) and give βB=0.61; with 
λ(s)+2μ(s)=10 MPa this yields an unrelaxed mod-
ulus M̄=λ(s)+2μ(s)+a(s)+2b(s)=21 MPa and a relaxed 
modulus M‾eff=8.2 MPa. The drainage time at 
the unrelaxed stiffness is tc=h2/(kM̄)≈6 yr, so 
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the classical (relaxed-limit) response time is 
tc

eff=h2/(kM̄eff)≈15 yr; these are the observed de-
cade-scale response times of San Joaquin Valley 
interbeds (Lees et al., 2022; Ojha et al., 2019; 
Poland, 1984). The relaxation time τφ=ω(s)/(3A‾) 
is the new material parameter; we report the 
dimensionless response versus R=τφ/tc, taking 
R=0,1,3,10,100 to span the regimes. The value 
R≈3 (τφ≈18 yr) is representative of the decadal 

residual compaction of San Joaquin interbeds, 
whereas R=100 is an idealized extreme that 
separates the two stages most cleanly. We use 
Λ=0.1 for the settlement, for which the inter-
nal length scale is negligible; it controls the 
boundary-layer structure, not the settlement 
magnitude. The complete parameter set and 
the derived quantities are listed in (Tab. 4).

Table 4: Parameters of the San Joaquin Valley-type example and derived quantities.

Quantity Symbol Value Unit

Aquitard thickness (single drainage) h 20 m

Vertical hydraulic conductivity Kv 1 × 10−9 m s−1

Unit weight of water γw 9.81 kN m−3

Hydraulic mobility k = Kv/γw 1.02 × 10−13 m4 N−1 s−1

Head decline; pressure step Δh; Δp0 = γwΔh 30; 0.294 m; MPa

Drained oedometric modulus λ(s) + 2μ(s) 10 MPa

Microdilatation moduli a(s); b(s) 5; 3 MPa

Unrelaxed modulus; relaxed modulus M̄; M̄eff 21; 8.2 MPa

Coupling and microdilatation moduli B̄; Ā 24; 15 MPa

Coupling ratio βB = B̄2/(3M̄Ā) 0.610 –

Drainage time (unrelaxed; relaxed) tc; tc
eff 5.9; 15.2 yr

Primary and ultimate settlement Δp0h/M̄; Δp0h/M̄eff 28.0; 71.8 cm

Relaxation-time ratio (San Joaquin case) R = τφ/tc 0, 1, 3 (τφ ≈ 18 yr), 10, 100 –

Length ratio Λ = ℓ/h 0.1 (ℓ = 2 m); 0.25 in Section 6.7 –

The solver was verified in two ways. First, in the 
limit R = 0, Λ → 0 the system reduces exactly to 
Terzaghi consolidation with coefficient (1 − βB)
cv, whose settlement S/(Δp0h/M̄) = U[(1 − βB)T]/
(1 − βB) follows from the classical series solution 
U(T) = 1 − Σ 2M−2exp(−M2T), M = π(2m + 1)/2. Ta-
ble 5 compares the numerical and analytical set-
tlements for the classical case (βB = 0) and for the 
present coupling (βB = 0.61); the relative error 
does not exceed 0.15% at any time and is domi-

nated by the first-order time discretization. Sec-
ond, Table 6 reports the settlement of the San 
Joaquin case (R = 3, Λ = 0.1) at t/tc = 1 and 10 
for four grids and three time-step densities. The 
spatial discretization error is below 10−5, and 
halving the time step changes the settlement by 
less than 0.2%, which confirms that the results 
reported below are converged to graphical ac-
curacy.(Tab. 5 and 6)

Table 5: Verification against the analytical Terzaghi solution (R = 0, Λ → 0; NZ = 161, 200 steps per decade).

βB t/tc Analytical S/(Δp0h/M̄) Numerical S/(Δp0h/M̄) Relative error (%)

0 0.05 0.2523 0.2521 0.07

0 0.2 0.5041 0.5037 0.08

0 0.5 0.7640 0.7629 0.14
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0 1 0.9313 0.9301 0.13

0 2 0.9942 0.9938 0.04

0.61 0.05 0.4038 0.4035 0.06

0.61 0.2 0.8076 0.8070 0.07

0.61 0.5 1.2757 1.2747 0.08

0.61 1 1.7689 1.7667 0.12

0.61 2 2.2587 2.2555 0.14

Table 6: Mesh and time-step convergence of the settlement S/(Δp0h/M̄) for the San Joaquin case (R = 3, Λ = 0.1, βB = 0.61).

Nodes NZ Time steps per decade t/tc = 1 t/tc = 10

41 50 1.0136 2.0508

41 100 1.0156 2.0550

41 200 1.0166 2.0571

81 50 1.0135 2.0508

81 100 1.0156 2.0550

81 200 1.0166 2.0571

161 50 1.0135 2.0508

161 100 1.0156 2.0550

161 200 1.0166 2.0571

321 50 1.0135 2.0508

321 100 1.0156 2.0550

321 200 1.0166 2.0571

(Fig. 3) shows the settlement, normalized by the 
primary (unrelaxed) compaction Δp0 h/M̄≈28 cm. 
Two features are central. First, the theory is a 
strict generalization: as R→0 (instantaneous 
relaxation) it reduces exactly to Terzaghi con-
solidation at the relaxed modulus M̄eff, reaching 
the ultimate settlement S∞=Δp_0 h/M̄eff≈72 cm 
(a factor 1/(1-βB )=2.6 above the primary value) 
over t_c^eff. Second, and distinctively, when the 
relaxation is slow enough (R≳10) the settlement 
is clearly two-stage (Fig. 3a): primary consolida-
tion completes over t_c at the stiff modulus M̄, 
giving a plateau near the primary compaction 
≈28 cm, after which the microdilatation relaxes 
over τφ and secondary compression carries the 
settlement toward 72 cm. At smaller R the two 
scales overlap and no flat plateau forms: for the 
San Joaquin–representative case R≈3 (τφ≈18 yr), 
secondary compression already begins before 
primary consolidation is complete (by t≈2 tc 
the settlement has reached only ≈1.2 times the 

primary compaction), and the residual, drain-
age-independent settlement then develops over 
the following few decades, in line with the ob-
served decadal compaction. The idealized case 
R=100 (Fig. 3b) makes the mechanism explicit 
by separating the scales: the layer is essentially 
fully drained by t≈2 tc (mean excess pressure be-
low 1% of Δp0), yet the settlement continues to 
grow for a further two orders of magnitude in 
t/tc. This continued, drainage-independent com-
paction is not reproduced by elastic Terzaghi–
Biot consolidation at any single modulus; it is, 
however, precisely the behavior of the classical 
rheological secondary-consolidation models of 
Taylor and Merchant (1940) and Gibson and Lo 
(1961). In the spatially local limit Λ→0 used here, 
the coupled system (67), (65) is exactly Terzaghi 
drainage of a skeleton with a standard-lin-
ear-solid rheology unrelaxed modulus M̄, re-
laxed modulus M̄eff, relaxation time τφ which is 
the Gibson–Lo model. The contribution here is 
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therefore not the two-stage settlement curve it-
self, but its derivation from a grain-scale degree 
of freedom within a thermodynamically consis-
tent mixture theory, together with the internal 
length scale that a spatially local rheology does 
not possess, whose observable consequences 
the pore-pressure boundary layer and the sea-
sonal phase lag are examined next.

We emphasize what is and is not a predic-
tion here. The ultimate settlement, Δp0 h/M̄eff, 
is fixed by the relaxed modulus alone, which an 
oedometer measures directly; a classical Ter-
zaghi model calibrated to the same M̄eff there-
fore gives the identical ultimate settlement, and 
the ultimate magnitude is not in itself a discrim-
inating prediction. What elastic Terzaghi–Biot 
theory cannot reproduce, at any modulus, is 
the two-stage time course; but a classical rheo-
logical model reproduces it equally well, so the 

two-stage curve alone does not distinguish the 
present theory from that phenomenology. The 
distinguishing content lies instead in the inter-
nal length scale—the pore-pressure boundary 
layer and the seasonal phase lag of Section 6.7 
which a spatially local rheological model does 
not contain. Note also that the microdilatation 
settlement is larger than the primary value at 
every instant, and slower only in the sense that 
a larger ultimate settlement takes longer to at-
tain; the compaction rate itself is never below 
the classical primary rate. Finally, the coupling 
βB=0.61 adopted here is a deliberately strong il-
lustrative value, chosen so that the two stages 
are well separated in (Fig. 3); realistic aquitards 
have smaller βB, hence a weaker relaxation and a 
smaller secondary-to-primary settlement ratio, 
for which the two-stage character persists but is 
less pronounced.

Figure 3: Two-stage consolidation of a microdilatational aquitard with a relaxing (dissipative) grain-scale dilatation, in di-

mensionless form (t/tc, tc = h2/(kM̄); settlement normalized by the primary compaction Δp0h/ M̄), for βB = 0.61 (M̄eff/M̄ = 

0.39) and Λ = 0.1. (a) Settlement versus time for R = τφ/tc = 0, 1, 3, 10 and 100 (the case R = 3, τφ ≈ 18 yr, is representative of the 

decadal San Joaquin residual). The R = 0 curve is the elliptic limit, a single-stage consolidation to the relaxed ultimate 1/(1 − 

βB) = 2.56; a clear plateau near the primary (unrelaxed) value 1 appears only for R ≳ 10, followed by secondary compression 

to the same ultimate over τφ, whereas at smaller R (e.g. the San Joaquin case R = 3) the two stages overlap. (b) R = 100: settle-

ment (upper panel) and mean excess pore pressure (lower panel) on a common time axis; the shaded band marks primary 

consolidation. The excess pore pressure drains to below 1% of Δp0 by t ≈ 2tc, yet the settlement keeps rising for a further two 

orders of magnitude in t/tc: the secondary-compression stage that elastic Terzaghi–Biot theory cannot produce (and that the 

local limit of the present theory shares with the classical Gibson–Lo rheological model).
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Cyclic loading: seasonal pumping and the phase of 
the response
The analysis above concerns a monotonic head 
decline. In many exploited aquifer systems the 
dominant forcing is instead cyclic: seasonal 
pumping and recharge drive an annual oscilla-
tion of the aquifer head, and the aquitard com-
paction, and hence the land surface, oscillates in 
response. This seasonal deformation, now rou-
tinely resolved by InSAR and GPS, lags the head 
forcing by a measurable delay that has been 
used to infer aquifer properties (Chaussard et al., 
2014; Smith & Vajedian, 2025). We ask wheth-
er the grain-scale dilatation, and in particular 
its relaxation time τφ, leaves a signature in the 
cyclic response distinct from classical consoli-
dation.

We replace the step forcing by a harmonic 
boundary pore pressure pth (h,t)=Δp0 sin(ωt) and 
solve the coupled system (65) and (67) to its pe-
riodic steady state, characterizing the response 
by the amplitude and phase lag of the depth-in-
tegrated compaction relative to the forcing, as 
functions of the dimensionless frequency ω tc. 
Because the total overburden stress is held con-
stant, the depth-integrated compaction is pro-
portional to the depth-integrated pore-pressure 
response, so its phase is that of the land-surface 
response.

For the classical Terzaghi limit a semi-infinite 
diffusive layer under harmonic forcing has 

pth (z,t)=Δp0 e
-κz sin(ωt-κz) with κ=√(ω/2cv ), so 

that

i.e. the phase lag is exactly π/4=45∘, at every fre-
quency. This 45∘ figure is the semi-infinite limit; 
for a layer of finite thickness with an imperme-
able base the classical lag is not bounded by it, 
and overshoots slightly, peaking near ≈46.6∘ at 
ωtc≈8 before settling back to 45∘ at high frequen-
cy (Fig. 4). The relevant classical reference for a 

(79)

single interbed is therefore ≈46.6∘, not 45∘.
Figure 4 shows the computed response. The 
microdilatation cases exceed the classical fi-
nite-layer bound through two mechanisms. 
The elliptic (R=0) limit already exceeds it by 
the non-local effect of the internal length scale, 
reaching ≈49–51∘ (Λ=0.10) and ≈54∘ (Λ=0.25). 
The dissipative extension adds a second, tem-
poral contribution: when the forcing period is 
comparable to the relaxation time, ωτφ=O(1), 
the grain-scale dilatation lags the loading and 
further enhances the phase lag, to ≈54∘ at Λ=0.10 
and up to ≈57∘ near R≈0.1–0.2 (Fig. 4b). The re-
laxation contribution is non-monotonic in R: it 
is maximal when τφ is a few tenths of t_c and 
vanishes both as R→0 (instantaneous relaxation) 
and as R→∞ (the dilatation frozen over a sea-
son), returning the lag to its finite-layer classical 
value.

This cyclic signature must be interpreted 
with care. In a real aquifer system the observed 
seasonal delay also reflects multi-layer struc-
ture and the coarse-grained fraction of the aqui-
fer, and a purely elastic (classical) model can 
already push it to comparable values; Smith 
and Vajedian (2025), for instance, report elas-
tic seasonal delays of up to ∼60 days (≈59∘ on 
an annual cycle) from geometric effects alone. 
The microdilatation and geometric mechanisms 
both enhance the seasonal lag and are there-
fore confounded in field data: an observed lag 
exceeding 45∘ does not by itself establish mi-
crodilatation behavior. What the present anal-
ysis establishes is that grain-scale dilatation 
supplies a distinct, thermodynamically ground-
ed mechanism, with both a length-scale and a 
relaxation-time signature, and that for a given, 
independently constrained aquitard geometry 
it predicts a larger phase lag than classical con-
solidation of the same layer. Discriminating the 
mechanisms would require independent con-
straints on the aquifer geometry, or multi-fre-
quency deformation data able to separate their 
frequency signatures, a promising direction for 
combining the present theory with seasonal In-
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SAR observations.

Figure 4: Seasonal phase lag of the depth-integrated compaction under harmonic boundary forcing, in the periodic steady 

state (βB = 0.61). (a) Phase lag versus dimensionless frequency ωtc: the classical finite-layer reference (solid) peaks at ≈ 46.6° 

near ωtc ≈ 8, not at the semi-infinite 45° limit (dotted); the elliptic microdilatation limit (R = 0, Λ = 0.1) reaches ≈ 49° near ωtc 

≈ 3 and ≈ 51° at ωtc = 100, and the dissipative cases (R = 0.3) reach ≈ 54°. (b) Peak phase lag versus the relaxation-time ratio 

R = τφ/tc: the relaxation enhances the lag maximally near R ≈ 0.1–0.2 (up to ≈ 57.6°) and returns it to the classical 46.6° as R 

→ ∞. As discussed in the text, geometric effects in a real multi-layer system can also raise the classical lag, so the mechanisms 

are confounded in field data.

Internal length scale and the pore-pressure bound-
ary layer
The settlement curves of (Fig. 3) were computed 
for Λ = 0.1, for which the internal length has a 
negligible effect on the integrated compaction. 
Its effect on the pore-pressure field is shown in 
Fig. 5, which compares the isochrones of the lo-
cal limit (Λ → 0) with those for Λ = 0.25. In the 
local elliptic limit (Fig. 5a) the microdilatation 
relaxes instantaneously and pointwise, and the 
isochrones are those of Terzaghi consolidation 
at the relaxed coefficient. A finite internal length 
(Fig. 5b) couples the grain-scale dilatation 
non-locally: the dilatation generated by drain-
age near the top boundary is transmitted over a 
distance of order ℓ into the still-undrained inte-
rior, where it compresses the pore fluid before 
the fluid can escape. The excess pore pressure 
therefore rises transiently above its initial value 
Δp0 near the impermeable base, by up to 2.6% 

for Λ = 0.1 and 10.8% for Λ = 0.25 at t ≈ 0.12–0.14 
tc. This non-monotonic response is analogous to 
the Mandel–Cryer effect of three-dimensional 
poroelasticity, but it is produced here in one di-
mension by the microstructure.
The dissipative relaxation suppresses the over-
shoot. For R ≥ 0.1 the grain structure cannot 
follow the drainage front quickly enough, the 
transient rise disappears (Fig. 5c), and the influ-
ence of Λ on the isochrones becomes markedly 
weaker. The pore-pressure signature of the in-
ternal length is therefore strongest when relax-
ation is fast compared with drainage (R ≪ 1), the 
same regime in which the seasonal phase lag of 
Section 6.7 is most enhanced. Piezometric pro-
files across thick interbeds, with closely spaced 
sensors near the impermeable boundary, would 
provide a direct test of this prediction. (Fig. 5)
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Figure 5: Excess pore-pressure isochrones pth (z, t)/Δp0 at t/tc = 0.02, 0.1, 0.3 and 1 (βB = 0.61). (a) Local elliptic limit (R = 0, Λ 
→ 0), identical to Terzaghi consolidation at the relaxed coefficient. (b) Elliptic limit with internal length Λ = 0.25: the non-local 

dilatation produces a transient rise of the pore pressure above Δp0 near the impermeable base (maximum 1.108 at t ≈ 0.12tc). 

(c) Dissipative case R = 0.3, Λ = 0.25: the finite relaxation time suppresses the overshoot. The dotted line marks the initial 

undrained pressure.

Parametric sensitivity and practical implications
Table 7 quantifies how the coupling ratio βB and 
the relaxation ratio R control the time course 
of compaction (Λ = 0.1). Three measures are re-
ported: the times t50 and t90 at which 50% and 
90% of the ultimate settlement are reached, and 
the residual fraction, defined as the fraction of 
the ultimate settlement that accrues after the 
mean excess pore pressure has fallen below 1% 
of Δp0, i.e. the drainage-independent settle-
ment. Three conclusions follow. First, the ulti-
mate settlement depends on βB alone, S∞/(Δp0h/
M̄) = 1/(1 − βB), and not on R, consistent with 
Section 6.6. Second, the residual fraction grows 
monotonically with R and tends to βB as R → ∞ 
(21%, 40% and 61% for βB = 0.2, 0.4 and 0.61 at R 
= 100). In the scale-separated limit the second-
ary-to-ultimate settlement ratio is therefore the 
coupling ratio itself, which offers a direct route 
to identifying βB from extensometer records that 
resolve the end of primary consolidation. Third, 
the delay of the 90% settlement is controlled 
jointly by βB and R: for the San Joaquin case (βB 
= 0.61, R = 3), t90 ≈ 15.7tc ≈ 93 yr, compared with 

2.2tc ≈ 13 yr in the elliptic limit, whereas for the 
weak coupling βB = 0.2 the corresponding in-
crease is only from 1.1tc to 3.4tc. These results 
have a direct practical implication. A subsid-
ence forecast that assumes compaction to cease 
once the measured heads, or the computed 
excess pore pressures, have stabilized will un-
derestimate the long-term settlement by up to 
the residual fraction of Table 7. Conversely, the 
three parameters that control this residual can 
be constrained independently: βB from the ratio 
of unrelaxed to relaxed oedometric stiffness, τφ 
from long-duration consolidation tests or from 
the post-drainage compaction rate observed by 
extensometers, and ℓ from the seasonal phase 
lag observed by InSAR or GPS (Chaussard et al., 
2014; Smith & Vajedian, 2025). (Tab.7).

RESULTS AND CONCLUSION  
We have developed a microdilatational mixture 
theory for a saturated mixture of a microdilata-
tion solid skeleton and a non-polar elastic fluid, 
derived throughout from the principle of virtual 
power and closed thermodynamically by the 
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Table 7: Sensitivity of the compaction history to the coupling ratio βB and the relaxation ratio R (Λ = 0.1). Times are normalized 

by tc = h2/(kM̄); dimensional values are given for the San Joaquin case (tc = 5.9 yr).

βB R S∞/(Δp0h/M̄) t50/tc t90/tc t90 (yr) Residual fraction (%)

0.20 0 1.25 0.25 1.07 – 1

0.20 1 1.25 0.30 1.79 – 3

0.20 3 1.25 0.31 3.39 – 9

0.20 10 1.25 0.31 9.44 – 18

0.20 100 1.25 0.31 87.7 – 21

0.40 0 1.67 0.33 1.42 – 1

0.40 1 1.67 0.53 3.44 – 3

0.40 3 1.67 0.59 8.02 – 9

0.40 10 1.67 0.63 24.3 – 30

0.40 100 1.67 0.64 233.9 – 40

0.61 0 2.56 0.52 2.17 13 1

0.61 1 2.56 1.27 6.44 38 3

0.61 3 2.56 2.30 15.7 93 9

0.61 10 2.56 5.85 48.4 287 30

0.61 100 2.56 51.6 469.4 2,779 61

Coleman–Noll procedure within the Theory of 
Porous Media. The theory adds a single ingredi-
ent to classical poroelasticity, a grain-scale dila-
tational degree of freedom, coupled to the pore 
fluid, and reduces exactly to Biot–Terzaghi poro-
elasticity, and to the theory of elastic materials 
with voids, in the appropriate limits. Its contribu-
tion is to carry this one grain-scale mechanism, 
consistently, from a single variational statement 
through to a closed set of thermodynamically 
admissible field and constitutive equations.
Applied to one-dimensional consolidation, and 
thence to pumping-induced aquitard compac-
tion and land subsidence, the theory yields an 
effect that classical poroelasticity cannot contain. 
Because the grain-scale dilatation is dissipa-
tive, with a relaxation time τφ distinct from the 
drainage time t_c, consolidation proceeds in 
two stages: primary consolidation controlled by 
drainage, at the unrelaxed modulus M̄, followed 
by secondary compression as the grain structure 
relaxes to the softer modulus M̄eff. When τφ≫tc 
this secondary stage continues after the excess 
pore pressure has fully dissipated, reproducing 
the residual, creep-like compaction documented 

in heavily pumped aquifer systems. In its spatial-
ly local limit this two-stage response coincides 
with the classical rheological secondary-consoli-
dation model of Taylor–Merchant and Gibson–Lo 
(Gibson & Lo, 1961; Taylor & Merchant, 1940); 
the present theory supplies that model’s miss-
ing grain-scale, thermodynamically consistent 
origin, and adds an internal length scale that a 
spatially local rheology cannot contain. Under 
seasonal pumping this length scale, together with 
the relaxation, produces a phase lag that exceeds 
the classical finite-layer diffusion bound. In the 
appropriate limits the theory reduces exactly to 
the elliptic (instantaneous) microdilatation theo-
ry and to Biot–Terzaghi poroelasticity. It is these 
length-scale effects the pore-pressure boundary 
layer and the seasonal phase lag rather than the 
two-stage settlement it shares with rheological 
consolidation models, that distinguish the theory 
observationally.
The principal findings are as follows. (1) The the-
ory reduces exactly to Biot–Terzaghi poroelastic-
ity when the microdilatation moduli vanish, to 
the theory of elastic materials with voids when 
the fluid is removed, and to the elliptic microdi-



Int. J. Urban Manage. Energy Sustainability, 7(3):244-266, 2026

264

latation theory as ω(s) → 0; the numerical solution 
reproduces the analytical Terzaghi solution to 
within 0.15%. (2) For a San Joaquin Valley-type 
aquitard (h = 20 m, Δh = 30 m, βB = 0.61), the 
primary and ultimate settlements are 28 and 72 
cm, and for R = 3 the 90% settlement is reached 
after approximately 93 yr, compared with 13 yr 
when the grain structure relaxes instantaneously. 
(3) The fraction of the ultimate settlement that 
develops after the excess pore pressure has dis-
sipated increases with R and tends to βB in the 
scale-separated limit. (4) The internal length 
scale produces a transient, Mandel–Cryer-type 
rise of the pore pressure at the impermeable base 
of up to 11% (Λ = 0.25) when relaxation is fast, and 
the combined length-scale and relaxation effects 
raise the peak seasonal phase lag from the clas-
sical finite-layer value of 46.6° to approximately 
57.6° near R ≈ 0.1.
For practice, the results indicate that forecasts 
which assume compaction to stop once the ex-
cess pore pressure has dissipated may underes-
timate long-term subsidence in strongly coupled 
aquitards, and that the three additional constants 
of the theory can be constrained by standard 
measurements: oedometer tests (unrelaxed and 
relaxed moduli), long-duration consolidation or 
extensometer records (relaxation time) and sea-
sonal InSAR deformation (internal length).
Several extensions are natural. The theory ex-
cludes mass exchange between constituents; 
admitting a mass-supply term in (5) would 
extend it to reactive or phase-changing microdi-
latation mixtures. The constitutive develop-
ment is isotropic and hyper-elastic; anisotropic 
microdilatation response, or a fluid that itself 
carries microstructure, would broaden the range 
of applicable materials. The one-dimensional 
analysis of Section 6 rests on quasi-static loading, 
an incompressible fluid, and the Λ→0 local limit 
for the closed-form result; relaxing these is the 
natural next step. A fully dynamic treatment, 
in particular, would reveal the dispersive wave 
structure of the microdilatation mixture and al-
low the predicted wave speeds to be compared 

against ultrasonic measurements on saturated 
granular media. Finally, identifying the microdi-
latation constants, the moduli a(s), b(s),c1

(s) and the 
relaxation coefficient ω(s) (equivalently M̄eff, the 
length l=√(c1

(s))/(3A‾ ) ), and the relaxation time 
τφ=ω(s)/(3A‾ ), by fitting the ultimate compaction, 
the boundary-layer structure, and above all the 
secondary-compression stage to oedometer, 
extensometer, and InSAR records, is the key step 
toward practical application.
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